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q 
edex, Fran
e.E-mail: ali.ahmad�etu.univ-lille3.fr.Résumé. Nous utilisons l'estimateur de quasi maximum de vraisemblan
e de Poisson(PQMLE) pour estimer, équation par équation, les paramètres des moyennes 
ondition-nelles d'une série temporelle multivariée à valeurs entières. Des 
onditions de régularitésont données pour la 
onsistan
e et la normalité asymptotique de 
et estimateur. Des ap-pli
ations à des modèles parti
uliers, 
omme les modèles INAR et INGARCH multivariés,sont ainsi 
onsidérées. Des illustrations numériques, sur des simulations de Monte Carloet sur des données réelles, sont fournies.Mots-
lés. Séries temporelles multivariées à valeurs entières, L'estimateur de quasimaximum de vraisemblan
e de Poisson, Consistan
e et normalité asymptotique, Copules,Moyenne 
onditionnelle.Abstra
t. The Poisson quasi maximum likelihood estimator (PQMLE) is extended to
onsistently estimate, equation by equation, the 
onditional mean parameters of a multi-variate time series of 
ounts. regularity 
onditions for the 
onsisten
y and the asymptoti
normality of PQMLE are given. Appli
ations to parti
ular multivariate models, as mul-tivariate INAR and INGARCH, are 
onsidered. Numeri
al illustrations via Monte Carlosimulations and real data appli
ations, are provided.Keywords. Multivariate time series of 
ounts, Poisson quasi maximum likelihood,Consisten
y and asymptoti
 normality, Copulas, Conditional mean.1 Introdu
tionThe multivariate time series of 
ounts are often found in a lot of appli
ations in manys
ienti�
 �elds, for example, e
onomy, biology and a

idents analysis. Several modelsare proposed to deal with this kind of data. The most 
ommonly used ones are the
onditional means models whose the means are assumed to follow, 
onditionally on pastobservations, a ve
tor autoregression. For example, the bivariate INGARCH model withbivariate Poisson 
onditional distribution Liu (2012) and the multivariate Double-PoissonINGARCH using 
opulas Heinen and Rengifo (2007). The study and the analysis of mul-tivariate 
ount time series pose several problems and questions. For instan
e, regardingto the 
onditional means models, the non negative integer-valued support multivariate1



distributions, whi
h are able to a

ommodate the negative 
ontemporaneous 
orrelationbetween the series, are not abundantly available in the literature. One of these distri-butions whi
h 
an be used to a

ommodate the negative 
ontemporaneous 
orrelationis the multivariate Poisson Log-Normal distribution Ait
hison and Ho (1989), but it isdi�
ult to be employed as a 
onditional distribution in the 
onditional mean models.However, This problem has been solved by using 
opulas whi
h also still have limits to beused with the dis
rete distributions and require sometimes to apply the 
ontinuousationon the variables. In this paper, we propose a general and simple methodology to esti-mate su
h models. Where, we extend the Poisson quasi maximum likelihood estimator(PQMLE) studied by Ahmad and Fran
q (2015) to estimate the 
onditional means pa-rameters of the multivariate time series of 
ounts whatever the 
orrelation between theseries (positive, negative or absen
e of 
orrelation) and whatever the nature of dispersionof the series (under-dispersed, over-dispersed or equi-dispersed). In this estimator, weneed only to spe
ify the 
onditional means of the series. The multivariate models will beestimated equation by equation (EbE) by giving general regularity 
onditions under whi
hthe EbE-PQMLE is 
onsistent and asymptoti
ally normal. Se
tion 2 
ontains the generalformulation of the model. Se
tion 3 shows the main results 
on
erning the asymptoti
behavior of the EbE-PQMLE. Se
tion 4 
ontains an appli
ation of EbE-PQMLE to theBivriate Poisson INAR(1) model and an example of its 
on
erned Monte Carlo simulationresults. Se
tion 5 
on
ludes, and the theatri
al assumptions are 
olle
ted in Se
tion 5.2 General formulationAssume that Xt is k-dimensional ve
tor of a time series of 
ounts valued in N
k, assumealso that the 
onditional mean of ea
h 
omponent of Xt= (X1.t, . . . , Xk.t)

′ are equal toanother ve
tor Λt= (λ1.t, . . . , λk.t)
′ su
h that

E (Xd.t | Xd.u, u < t) = λd (Xd.t−1, Xd.t−2, . . . , Xc.t−1, Xc.t−2, . . . , ; θd.0) = λd.t. (2.1)Where d and c ∈ {1, ..., K}, and d 6= c. θd.0 is an unknown parameter belonging tosome parameter spa
e Θd, and
λd is a measurable fun
tion valued in (ω,+∞) for some ω > 0 (2.2)This formulation allows to λd to be di�erent from the equation to the other. For example,

λd 
an be a linear fun
tion while λc is a log-linear or non-linear fun
tion. We assume alsothat the marginal distribution has a moment slightly greater than 1
EX1+ε

d.t < ∞, for some ε > 0, (2.3)whi
h entails the existen
e of the 
onditional mean.2



3 Estimating the 
onditional means parametersWe 
onsider the spe
ial 
ase of the model (2.1) when the 
onditional mean λd.t dependson the past values of the 
omponents of the ve
tor Xt and only on its past values. Toestimate this model, we will use the PQMLE studied by Ahmad and Fran
q (2015) andChristou and Fokianos (2013) for estimating, separately, the 
onditional mean parame-ters of ea
h series, whi
h is 
alled equation-by-equation estimation (EbEE). The readeris referred to Fran
q and Zakoian (2014) for more details on estimation of multivariateGARCH models using EbEE method. At �rst, 
onsider that θd.0, for d ∈ {1, ...K}, is anunknown parameter belonging to some parameter spa
e Θd. The EbE-PQMLE is de�nedas a solution of the following problem of maximization
θ̂d.n = arg max

θd.n∈Θd

L̃d.n(θd), L̃d.n(θd) =
1

n

n∑

t=s+1

ℓ̃d.t(θd), (3.1)where ℓ̃d.t(θ) = −λ̃d.t(θ)+Xd.t log λ̃d.t(θ). λ̃d.t(θ) and Xd.t are respe
tively the dth 
ompo-nents of Λ̃t(θ) andXt. Λ̃t(θ) is obtained by setting some initial valuesX0, X−1.. involved in
λd.t(θ). s is a 
onstant for redu
ing the e�e
ts of the initial values and its value is asymp-toti
ally unimportant. The regularity 
onditions required for EbE-PQMLE are slightlydi�erent from those of PQMLE. The te
hni
al assumptions of 
onsisten
e (A1-A7) andasymptoti
 normality (A8-A12) are given in the Appendix.Theorem 3.1. Let Xd.t be a stationary and ergodi
 pro
ess de�ned in (2.1) satisfying(2.2) and (2.3) as well as the assumptions A1-A7. Let θ̂d be the EbE-PQMLE, then

θ̂d.n → θd.0 a.s. as n → ∞.For the asymptoti
 normality, we assume the existen
e of the 
onditional varian
e of
Xd.t given its past, su
h that

E
(
X2

d.t | Xd.u, u < t
)
:= vd.t(θd.0) + λ2

d.t(θd.0). (3.2)Theorem 3.2. Assume that (Xd,t) satis�es the 
onditions of Theorem 3.1. Assume also(3.2) and A8-A11 are hold. Then
√
n(θ̂d.n − θd.0)

d→ N
(
0,Σ := J−1

dd IddJ
−1
dd

) as n → ∞.Where
J = E

1

λd.t(θd.0)

∂λd.t(θd.0)

∂θd

∂λd.t(θd.0)

∂θ′d
, I = E

vd.t(θd.0)

λ2
d.t(θd.0)

∂λd.t(θd.0)

∂θd

∂λd.t(θd.0)

∂θ′d
. (3.3)
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It 
an be shown that, under the assumptions of Theorem 3.2, the asymptoti
 varian
eof the EbE-PQMLE 
an be 
onsistently estimated by Σ̂dd = Ĵ−1
dd ÎddĴ

−1
dd with

Ĵdd =
1

n

n∑

t=s+1

1

λ̃d.t(θ̂d.n)

∂λ̃d.t(θ̂d.n)

∂θ

∂λ̃d.t(θ̂d.n)

∂θ′
, (3.4)

Îdd =
1

n

n∑

t=s+1

(
Xd.t

λ̃d.t(θ̂d.n)
− 1

)2
∂λ̃d.t(θ̂d.n)

∂θ

∂λ̃d.t(θ̂d.n)

∂θ′
. (3.5)4 Appli
ation of EbE-PQMLE to the bivariate PoissonINAR(1) modelOne of the most popular multivariate 
ount time series model is the multivariate INAR(1)(M-INAR(1)) model, whi
h is introdu
ed by Franke and Subba Rao (1995). The M-INAR(1) model de�nes Xt as a K-dimensional ve
tor of a non negative integer-valued in

N
k, where

Xt = Φ ◦Xt−1 + Et

Φ is a k×k matrix with entries αij ∈ {0, 1}, for i, j = 1, ..., K. Φ◦ a
ts as the usual matrixmultipli
ation keeping in the same time the properties of the binomial thinning operation.The innovation term, Et = (ǫ1t, ...., ǫKt)
′, is assumed to be iid N

k-valued random ve
torwhose the 
omponents have �nite mean and varian
e ωd and σ2
d respe
tively. Let assumethat K=2 and the joint probability mass fun
tion of the two innovation pro
esses (ǫ1t, ǫ2t)is a bivariate Poisson distribution. We denote this distribution as BP(λǫ1, λǫ2, ν). Thereader is referred to Pedeli and Karlis (2013) for more details on the properties and theestimation of BP-INAR(1) model. One 
an note that by taking the 
onditional expe
ta-tion of the BP-INAR(1) pro
ess, we will have a model similar to that de�ned in (2.1),where E(Xt|Xu, u < t) = Λt = Ω+ ΦXt−1 and E(E1) = (λǫ1 + ν, λǫ2 + ν)′ = Ω.4.1 Example of Monte Carlo simulation resultsTable 1 shows the results of Monte Carlo simulations for the bivariate Poisson INAR(1)model. The number of simulations is N=1000. For ea
h simulation, the bivariate modelis estimated, equation by equation, using (3.1). The means of the estimated values of θ0are given in the rows "θ̂". This table also gives two di�erent estimators of the root-mean-square deviation √E

(
θ̂n − θ0

)2: the empiri
al standard errors (ESE) and the estimatedstandard error based on the asymptoti
 theory (ASE). Table 1 show that the means ofthe estimated parameters are satisfa
torily 
lose to their theoreti
al values, espe
ially forlarge sample sizes. Moreover the two estimations of the standard deviations, the ESE andASE , are very similar. 4



Table 1: The �nite sample behaviour of EbE-PQMLE for the Bivariate INAR modelBP-INAR(1), Et ∼ BP(2, 3, 2)n ω1.0=4 α11.0=0.2 α12.0=0.4 ω2.0=5 α22.0=0.3 α21.0=0.4500 θ̂ 4.047 0.199 0.398 5.070 0.295 0.399ESE 0.544 0.042 0.038 0.579 0.042 0.043ASE 0.544 0.041 0.038 0.591 0.041 0.0451000 θ̂ 4.045 0.197 0.399 5.039 0.298 0.400ESE 0.395 0.030 0.027 0.408 0.029 0.032ASE 0.386 0.029 0.027 0.417 0.029 0.0325 Con
lusionEbE-PQMLE provides a general way for estimating the 
onditional mean parameters ofthe multivariate time series of 
ounts. If the 
onditional means are 
orre
tly spe
i�ed, un-der some regularity 
onditions, the EbE-PQMLE is 
onsistent and asymptoti
ally normal.The results of this work 
an be applied to a large variety of 
ounts time series models, asthe multivariate INGARCH and multivariate INAR models.6 AppendixFor the 
onsisten
y of EBE-PQMLE we assume thatA1 We have θd.0 ∈ Θd where Θd is 
ompa
t.A2 The pro
ess Xd.t is stationary and ergodi
.A3 λd.1(θd) = λd.1(θd.0) almost surely if and only if θd = θd.0A4 λ̃d.t(θd) > ω, for some ω > 0.The next two assumptions are for demonstrate that the initial values have no e�e
ts onthe asymptoti
 properties of EBE-PQMLE.A5 limt→∞ ad.t = 0 and limt→∞Xd.tad.t = 0, where ad.t = supθd∈Θd

∣∣∣λ̃d.t(θd)− λd.t(θd)
∣∣∣ ,A6 limn→∞ supθd∈V (Θd)

∣∣∣L̃d.n(θd)− Ld.n(θd)
∣∣∣ = 0, a.s.A7 E |ℓd,1(θd)| < ∞ and if θd 6= θd.0, Eℓd,1(θd) < Eℓd,1(θd.0)A8 any θd 6= θd.0 has neighbourhood V (θd) su
h that lim supn→∞

supθ∗∈V (Θd)
L̃d.n(θd) <

lim infn→∞ L̃d.n(θd.0) 5



For the asymptoti
 normalityA9 If θd0 ∈ ◦

Θd, where ◦

Θ denotes the interior of Θ.A10 The existen
e of 
ontinuous se
ond-order derivatives for λd.t and λ̃d.tThe next assumption is introdu
ed to handle initial values.A11 bd.t, bd.tXd.t and ad.tdd.tXd.t are of order O(t−κ) for some κ > 1/2,where
bd.t = sup

θd∈Θd

∥∥∥∥∥
∂λ̃d.t(θd)

∂θd
− ∂λd.t(θd)

∂θd

∥∥∥∥∥ .

dd.t = sup
θd∈Θd

max

{∥∥∥∥
1

λd.t(θd)

∂λd.t(θd)

∂θd

∥∥∥∥ ,
∥∥∥∥∥

1

λ̃d.t(θd)

∂λ̃d.t(θd)

∂θd

∥∥∥∥∥

}
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