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Résumé. Nous étudions le comportement asymptotique d’estimateurs a noyau de la
densité pour des suites de données spatiales dépendantes discrétisées, localement non-
stationnaire et convergent vers une suite stationnaire de données spatiales. Notre étude
porte essentiellement sur le biais et la normalité asymptotique des estimateurs.
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Abstract. We investigate the asymptotic behavior of binned kernel density estimators
for dependent and locally non-stationary random fields converging to stationary random
fields. We focus on the study of the bias and the asymptotic normality of the estimators.
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1 Introduction

In many practical situations, one can be concerned with the statistical study of an un-
observed stationary random fields (X;);czv, N € N at the place of which a sequence of

random fields (Xj)jez~ is observed and both series are linked by an equation of the form
X;=9()+ (1 +¢i)X;, iez", (1.1)

where ¥ and ¢ are some functions defined on Z~. Denoting by f* the density function
(with respect to Lebesgue measure) of the stationary distribution of (X )jczn~, statistical
inferences of interest can be testing hypothesis on f* or estimating this function. It is clear
that such works can only be done trough the non-stationary (X;)jcz~ defined in (1.1) and
studied for instance in [6]. In the present paper, we show that under some conditions, the
so-called binned kernel density estimator (BKDE) based on (Xj)jez~ is consistent to f*



and is asymptotically normal. We study the BKDE instead of the classical kernel density
estimator (KDE) because of its lower coast computational advantage.

Let nq,...,ny be positive integers. Denote by n the N-dimensional vector (nq, ...,ny)
and by I, = H,]le [1,...,nk], a finite rectangular domain of the integer lattice points in
N-dimensional Euclidian space Z". Taking in (1.1) ¥ = ¢ = 0, the Rosenblatt [7] kernel

density estimator fof f* is defined by

Fla) = %ZK (x _hXi> T ER, (1.2)

i€eln

where 1 is the finite product n; ...ny, h = h(n) is the smoothing parameter and K is a
bounded integrable real-valued function defined on R, called kernel.

It is well known that (1.2) has a high computation coast. The most popular way to
reduce this coast is to prebin the data, an operation which leads to the BKDE studied for
instance in Hall [2], Scott and Shearter [8], Hall and Wand [1] and Holmstrom [4]. The
BKDE can be seen as aproximations of KDE, or as direct estimators of f*. They have
the general form

f(x):%Z;K(m_}L%);T(Q)j z €R, (1.3)

where {a;} = {ag+ jo},ez is a given grid points with an arbitrary origin ap € R, 7" is a
kernel with window width d, and h and K are as above.

The aim is the study of the behavior of f for local non-stationry a-mixing random
fields. That is, for a-mixing random fields {Xj}iczv for which there exists a finite set
of neighboring sites I; C I, such that the sequence {Xj}ics: is possibly non-stationary
and the sequence {X;}ier, - 1z is stationary with a stationary distribution different from
at least that of one of the Xj, i € I:. For example, for the series satisfying (1.1), we
consider the cases where (i) and (i) tend to zero as i tends to infinity.

Denote by |z] the integer closest to x and by [z] the largest integer less than or
equal to . For 6 > 0 and an arbitrary ay € R, define the real-valued function a by
a(y) =& [(y — ap)/d] + agp, for rounding to the nearest value, or a(y) = 0 [(y — ao)/d] + aq,
for rounding down. For a clear presentation, we restrict ourselves to the cases where fis
defined with T'(y) = I(y € [0,1]) or with T'(y) = I(y € [-1/2,1/2)). More precisely, we
consider

flz) = % ZK (“’ hX‘ + %Zi) , T €R, (1.4)
icln
where for i € I,, Z; = (X; — a(Xj)) /0 € (0,1) for rounding down or Z; € [—1/2,1/2) for
rounding to the nearest value.
In Section 2, we list the notations and the sequence of assumptions considered along
the paper. In Section 3, we state our mains results.



2 General assumptions

For all i = (i1,...,iy) € In, |i|] = maxg_1__n|ix]. We use the notation n — oo to
mean that ming_; _nyng — 0o and max; 1, n(n;/n;) < C for some generic constant
C > 0. The total variation norm of a real-value function w is denoted by ||w=||y, and if

[ @P(z)dz < oo, its Lynorm is defined by ||w||, = ( wp(x)dx)l/p. For simplicity, we
only treat the case Where I} contains only one single site ig of I,,. We make the following
assumptions:

(A1) :

e For all i € [,,, X; has a cumulative distribution function F; with density function fj,
both continuous.

e There exists a strictly stationary random field {Xj},_,~ with continuous distribution
and density functions F™* and f* respectively.

e For |j —i| > 0, (Xj, Xj) has a continuous distribution function Fj; with a continuous
density function f;j;.

e For [j —i[ > 0, (X{, Xj) has a continuous distribution function F};_; with a continuous
density function f|’§7j|

e For |i —ip| < |j —ip| and |i — ig| — oo, and for some non-increasing function 1 which
satisfies D .., 7 (i —ip|) < o0, as n — oo,

B = Fiyl, =0 (i—i])) —0 and [|F;—F*[y =0 (i-il) — 0.

(A2) :

e The nonnegative function K is bounded, symmetric, absolutely continuous and piecewise
differentiable with a bounded derivative, and is such that [ K(z)dz = 1, [2*K(z)dz,
J2K'(x)dz,sup,eg |K'(2)| and [ |K'(x |de‘ are finite.

e The sequences h = h(n ) and 6 = d(n) are positive and are such that h — 0, § — 0,
d/h — 0, nh — 00, as n — 0.

(A3) :

e The sequences of random fields {Xj}iezv and {X{},,~ are a-mixing with the same
mixing rate. That is, for all u,v > 0,

max sup |P(AN B) — P(A)P(B)| = ayy(m) — 0 as m — oo,
UVCZ AEUU(H),BGVV(U)

where Uy () and Vy .y are respectively the o-algebras spanned by (Xj,i € U, Card(U) < u)
and (Xj,j € V,Card(V) < v) with inficy(w)jeve) 1 —Jj| = m, and a,,(m) is an increasing
function of v and v, and a decreasing function of m. Here, we take oy, »(n) = Gup @ (n) = 0
as n — oo, for all v and v > 0, where (,, is an increasing function of u and v, and « (n)
is a decreasing function of n.



e There exist v > 0 and ¢ > 3, such that for all u,v € N*, u+v < ¢, u,v > 2,
S o (r+ DN D=1 (1)]YA < 0o with A = (c+v) /v, and for h = h(n) there exists an
increasing sequence m = m(n) satisfying hm® — 0, and h=/A 32 kN "la(k)V* — 0
as n — 00.

3 Main results

Our main results are on the study of the bias of fwith respect to the stationary density
f*. The proofs of our results are based on the same techniques as those of [5] and [3].

Proposition 1 Under the assumptions (A1)-(A2), the binned kernel estimator f is an
asymptotically unbiased estimator of f*. Moreover,

E[fw)] - 1w = [F@ - r@]+o 5+ ) (3.)

where E [f*(m) — f*(x)} stands for the bias of the Rosenblatt estimator of f* based on
(Xi*)ieZN'

Proposition 2 Under the assumptions (A1) and (A2)

_ N 16 1
MISE (f(x)) ~ MISE (f (x)) - O(ﬁ—l—ﬁJré/Audu—I—E)
For m = o(n'/V), if
1 N—=1_ (1. 1/A
EZI{ alk)’* — 0 as n — oo,

then fE[f(x) - f*(:v)]2dm tends to 0 as n tends to infinity.

Proposition 3 Under the assumptions (A1)-(A3), for m = o (n'N) the mean square

quadratic difference between f and f s given by :

E{[f(x)— A(:E)]Q} _ 0(2—2).

Theorem 1 Under the assumptions (A1) and (A2), for m = o(m'/N), if

B2 Zkaloz(k)l/AHO as n— oo,

then the binned kernel estimator f converges in mean square to f*.



Theorem 1 is an immediate consequence of the following triangle inequality

Wa [fo) — )] < JE [ﬂx)—A(x)fME fo - r@], 62

Proposition 3 and the following lemma.

Lemma 1 Under the assumptions (A1) and (A2), if there exists m = o (n'/™) such that

1 oo
,\—hhfl/’\ E N o (k)Y — 0 as n— oo,
n

k=m

then the Rosenblatt estimator ]? converges to f* in mean square. Moreover, if assumption

(A3) is satisfied, then
en]? 1 2 g ~1
Blf@) = @] = = IKI3f @) +o@™)

vo (M4 2 mn S e 0 L) 33)
n  nh = b nzh? )

Proposition 3 shows that the first term in the right-hand side of (3.2) tends to zero, and
Lemma 1 shows that the second term also tends to zero. This establishes Theorem 1.

Define
Spn = \/ﬁ[ﬂx) - Ef(x)}

Theorem 2 Assume that (A1)-(A3) hold. Let m = o(€) and ¢ = a~A/N 5 (0,1). If

[e.9]

8’ (o [a(m) + Z N la(i(m+ ()

— 0, n — oo, (3.4)

then for h = Cn,0 < By < B, Sa converges in distribution to a zero-mean Gaussian
random variable with variance o*(z) = f*(x)|| K|[3.
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